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(a)  SUMMARY  OF  OBJECTIVES 

The  principal  objectives  of  the  research  program  are 
the  study  of  long  term  error  sources  in  the  passive 
resonator  inertial  rotation  sensor  and  the  measurement  of 
Fresnel  Drag  in  a  ring  resonator. 

Brief  Description  of  Progress 

We  have  studied  several  sources  of  error  in  the  passive 
resonator  gyroscope.  These  include  external  beam 
misalignment,  intra  cavity  polarization  and  back  scattering 
effects.  In  particular,  we  have  performed  a  careful  study 
of  the  observed  spatial  variations  in  the  resonance 
frequency  of  the  resonator.  The  enclosed  paper  which  will 
be  published  in  the  July  1983  issue  of  the  Journal  of  the 
Optical  Society  of  America  describes  the  details  of  our 
study.  In  summary,  we  have  found  that  the  measured 
resonance  frequency  of  our  optical  cavity  depended  on  the 
size  and  position  of  the  detector.  This  effect  which  is 
attributed  to  the  presence  of  higher  order  transverse  modes 
is  due  to  the  nonorthogonality  of  these  modes  when  averaged 
over  a  limited  aperture  or  an  inhomogeneous  detector 
surface.  The  results  of  our  calculations  are  in  good 
agreement  with  the  experimental  observations.  In  addition, 
we  have  investigated  several  possibilities  for  reducing  such 
spatial  effects. 

The  other  effort  in  this  reporting  period  has  been  the 


measurement  of  Fresnal  Drag  in  our  ring  resonator.  The 


experimental  setup  involves  oscillating  a  piece  of  glass 
back  and  forth  along  the  laser  beam  within  the  resonator  and 
measuring  the  resulting  nonreciprocal  frequency  shift.  In 
this  way  we  have  studied  the  dependence  of  the  Fresnel  Drag 
on  velocity,  length  of  the  glass  medium,  refractive  index 
and  also  the  dispersion  of  the  medium.  A  paper  is  presently 
being  written  on  this  subject. 
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ABSTRACT 


The  observation  of  a  dependence  of  the  measured  resonance 
freauency  of  an  ootical  cavity  on  the  size  and  position  of  the 
detector  is  reported  and  attributed  to  the  oresence  of  higher 
order  transverse  modes  in  the  cavity.  This  effect,  which  is  due 
to  the  nonorthogonality  of  these  modes  when  averaged  over  a 
limited  aperture  or  an  inhomogeneous  detector  surface,  has  been 
carefully  studied.  The  results  of  our  calculations  are  in  good 
agreement  with  experimental  observations.  Methods  of  minimizing 
such  frequency  pulling  effects  are  suggested. 
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Precise  determination  of  the  resonance  frequency  of  an  opti¬ 
cal  cayity  is  important  in  the  development  of  devices  such  as 
inertial  rotation  sensors^,  gravity  wave  detectors^,  and  fre¬ 
quency  stabilized  lasers In  a  previous  paper^  on  the  use 
of  a  passive  ring  resonator  for  the  detection  of  inertial  rota¬ 
tion,  we  have  noted  that  frequency  pulling  by  higher  order 
transverse  modes  can  be  a  source  of  error  in  the  determination 
of  the  cavity  resonance.  More  recently,  we  have  observed  a  much 
larger  effect;  the  dependence  of  the  measured  resonance  fre¬ 
quency  of  the  cavity  on  the  size  and  position  of  the  photodetec¬ 
tor  used  to  measure  the  transmitted  beam  intensity^ . 

In  this  paper  we  report  experimental  measurements  of  the 
dependence  of  the  resonance  frequency  of  a  two-mirror  cavity^  on 
detector  position  and  size.  We  also  discuss  the  results  of  a 
theoretical  calculation  of  this  behavior  and  suggest  ways  of 
minimizing  such  spatial  effects. 

The  experimental  setup  used  in  our  studies  is  illustrated 
in  Fig.  1.  Light  from  a  single  frequency  100  uw  laser  is  direc¬ 
ted  into  a  two-mirror  cavity,  consisting  of  a  flat  input  mirror 
and  a  spherical  output  mirror  having  a  5  cnuradius  of  curvature. 
The  input  mirror  is  mounted  on  a  piezo-electric  crystal  (PZT) 
and  the  cavity  length  is  modulated  at  the  reference  frequency 
fm  by  the  PZT.  The  light  transmitted  through  the  cavity  is 
split  into  two  beams  and  directed  onto  two  photodetectors  (PO). 
The  position  of  PO  ^1  is  held  fixed,  and  the  diameter  of  the  de- 


tector  surface  is  approximately  8  times  the  diameter  of  the  beam, 
so  essentially  all  the  light  in  the  beam  is  collected.  On  the 
other  hand,  PO  #2  has  an  adjustable  aperture  mounted  in  front 
of  it,  and  this  detector-aperture  assembly  can  be  manually  moved 
across  the  output  beam. 

Figure  2a  illustrates  the  transmitted  intensity  as  a  func¬ 
tion  of  cavity  length.  The  large  peaks  are  due  to  the  TEMqq  mode 
and  the  smaller  peaks  are  due  to  the  TEM^g  mode  (cylindrical  co¬ 
ordinates).  The  separation  of  the  0-0  and  1-0  resonances  is 
approximately  1/20  of  the  3100  MHz  free  spectral  range  (F.S.R.) 
and  is  much  larger  than  the  10  MHz  width  of  the  resonances. 

As  shown  in  Fig.  1,  the  outputs  of  both  photodetectors  are 
demodulated  at  fffl  by  phase-sensitive  detectors  (PSD).  The  PSD 
output  as  a  function  of  cavity  length  is  approximately  a  deriva¬ 
tive  of  the  resonance,  the  output  being  zero  at  the  center  of 
the  resonance.  In  our  experiments,  the  output  of  PSD  #1  is  used 
to  lock  the  cavity  resonance  to  the  laser  frequency  with  a  con¬ 
ventional  feedback  loop^,  shown  in  Fig.  1.  The  output  of 
PSD  #2,  which  displays  the  variation  of  the  resonance  frequency 
with  detector  position,  is  recorded  simultaneously  with  the  out¬ 
put  of  PD  #2. 

Data  was  first  taken  with  the  aperture  in  front  of  PD  42 
adjusted  so  that  its  diameter  was  approximately  0.4  of  the  beam 
diameter.  Figure  3a  shows  the  intensity  measured  by  detector 
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#2  as  a  function  of  position  along  a  horizontal  line  through  the 
center  of  the  beam.  The  measured  intensity  has  a  jagged  appear¬ 
ance  because  the  detector  was  moved  manually  in  small,  discrete 
steps.  The  dependence  of  the  intensity  on  detector  position  is 
consistent  with  the  Gaussian  intensity  distribution  of  the  0-0 
mode.  Figure  3b  shows  the  corresponding  output  of  PSD  #2  as  a 
function  of  detector  position.  It  is  definitely  nonzero  and 
varies  with  detector  position  even  though  the  output  of  PSD  #1 
is  zero.  The  data  in  Fig.  3b  clearly  demonstrates  that  the 
effective  resonance  frequency  varies  across  the  beam.  The  mag¬ 
nitude  of  the  output  is  greatest  at  the  center  of  the  beam, 
corresponding  to  a  frequency  offset  of  -120  kHz  relative  to 
PSD  #1.  This  procedure  was  repeated  using  a  vertical  scan,  and 
the  results  are  similar  to  that  for  the  horizontal  scan. 

When  the  aperture  in  front  of  detector  #2  was  opened  fully 
so  that  its  diameter  was  much  larger  than  the  beam  size,  the 
output  of  PSD  #2  changed  to  that  shown  in  Fig.  4  as  PD  #2  was 
translated  horizontally  across  the  output  beam.  In  this  case, 
the  measured  frequency  offset  also  depends  on  detector  position, 
but  stays  within  a  range  of  3.5  kHz.  Comparison  of  Figs.  3b 
and  4  shows  that  the  variation  in  effective  cavity  resonance 
frequency  with  detector  position  depends  on  the  fraction  of  .the 
beam  that  falls  on  the  detector;  the  larger  this  fraction,  the 
smaller  is  the  frequency  variation. 

At  first  we  attributed  the  resonance  frequency  variations 
with  detector  position  to  the  presence  higher  order  'nodes  in 


the  cavity.  Therefore,  we  placed  an  aperture  inside  the  cavity 
so  that  diffraction  losses  would  attenuate  higher  order  modes 
to  a  greater  extent  than  the  0-0  mode.  Figure  2b  shows  the  total 
transmitted  intensity  as  a  function  of  cavity  length  with  an 
aperture  in  the  cavity.  8y  comparison  with  Fig.  2a,  it  can  be 
seen  that  the  transmitted  intensity  at  the  resonance  of  the  0-0 
mode  was  reduced  to  0.8  of  its  value  without  the  aperture,  while 
the  transmitted  intensity  at  the  resonance  of  the  1-0  mode  was 
reduced  to  0.25  of  its  former  value.  The  effect  of  the  aperture 
on  frequency  offsets  is  illustrated  by  Fig.  3c  which  shows  the 
output  of  PSD  #2  for  a  horizontal  scan  with  the  aperture  in  the 
cavity.  The  dependence  of  this  output  on  detector  position  is 
similar  to  tha.t  of  Fig.  3b;  however,  the  frequency  offset  at 
the  center  of  the  beam  is  -132  kHz,  which  is  slightly  larger 
than  the  value  without  the  aperture.  Thus,  although  the  pres¬ 
ence  of  the  aperture  in  the  cavity  reduced  the  size  of  higher 
order  modes,  it  was  ineffective  in  reducing  the  frequency  offsets. 

Even  though  these  experiments  suggest  that  higher  order 
modes  are  not  the  cause  of  the  spatially  dependent  offsets, 
we  have  performed  a  calculation  which  shows  that  the  frequency 
offsets  are  indeed  due  to  the  interference  of  the  higher  order 
modes  with  the  fundamental  cavity  mode.  Linder  ideal  conditions, 
the  spatial  orthogonal  ity  of  the  Gaussian  cavity  modes ^  would 
Dreclude  the  interference  of  two  cavity  modes  from  causing  a 
frequency  shift,  but  it^'s  the  presence  of  an  aperture  before 
the  detector  or  inhomogeneities  in  the  detector  surface  that 
spoils  this  orthogonality  condition. 


We  now  give  a  simple  discussion  of  how  the  frequency  pulling  comes 
about  when  the  aperture  before  the  detector  is  much  smaller  than  the 


transmitted  beam  size.  For  simplicity  we  take  into  account  only  one  higher 
order  mode,  the  1-0  mode  (cylindrical  coordinates);  in  most  of 
our  experiments  this  mode  had  much  more  light  coupled  into  it 
than  any  other  higher  order  mode.  The  total  intensity,  I, 
measured  by  this  detector  at  a  point  P  after  the  cavity,  is 
given  by 

*  *  lE00^  +  +  ^00^10  G0S  ^QO  ‘  4*10^ 

where  EQQ  and  E10  are,  respectively,  the  contributions  at  P  of 
the  electric  field  amplitudes  of  the  0-0  and  1-0  modes  and  <j>0g 
and  are  the  phases  of  these  fields,  respectively. 


The  magnitudes  of  Egg,  E-jg,  $gg,  ^g,  and  thus  the  total 
intensity  I,  clearly  depend  on  the  length  of  the  cavity,  i.e., 
the  detuning  of  the  modes  from  their  respective  resonances.  As 
an  illustration.  Fig.  5a  shows  the  electric  field  amplitude  of 
an  isolated  cavity  mode  as  a  function  of  cavity  length.  The 
lineshape  is  given  by  the  square  root  of  the  Airy  function^' 


,  *  _i"  s1n2  f. 

0-RP  z 


where  R  is  the  reflectivity  of  the  cavity  mirrors  and  5  is  the 
round  trip  phase  shift.  The  transmitted  electric  field  reaches 


its  maximum  value  E„  at  resonance  and  drops  off  to  a  minimum  of 
m 

(l-R)Em/2  for  R  close  to  1.  Figure  5b  shows  the  phase  of  the 
transmitted  electric  field  (with  respect  to  its  phase  at  the 
input  mirror)  as  a  function  of  cavity  length^8  \  As  can  be  seen, 


the  phase  changes  sharply  across  resonance  from  (qn  -  t/2)  to 
(an  +  j)  radians,  where  a  is  the  longitudinal  mode  number. 


The  magnitudes  of  Eqq,  E-j q,  and  thus  I,  also  depend  on  the 
location  of  the  observation  point  P.  Figures  6a  and  6b  show, 
respectively,  the  electric  field  amplitudes  of  the  0-0  and  1-0 
modes  as  a  function  of  the  transverse  position  along  any  line 
passing  through  the  center  of  the  beam^.  It  should  be  noted 
that  the  field  distribution  of  the  0-0  and  1-0  modes  are  cylindri- 
cally  symnetric  about  the  axis  of  the  beam. 

The  general  features  of  the  spatial  variations  in  the 

measured  resonance  frequency  (Fig.  2b)  can  be  understood  by 

considering  the  contributions  to  the  total  intensity  I  given  in 

£q.  1.  If  there  are  no  higher  order  modes  present,  the  intensity 
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would  be  just  I Eqq 1  .  and  the  cavity  resonance  would  coincide  ex¬ 
actly  with  the  0-0  resonance.  In  the  presence  of  the  1-0  mode 
for  example,  we  get  contributions  from  two  additional  terms, 

|E1q|2  and  2|E00||E1Q|  cos  (<0oo-<D1Q).  If  only  the  |E]0|2  term 
is  considered,  the  net  effect  is  the  familiar  frequency  pulling 
of  the  0-0  resonance  towards  the  1-0  resonance^  The  calculated 
magnitude  of  this  pulling  in  our  experiment  is  small,  about  45  Hz, 
since  the  1-0  resonance  is  well  separated  from  the  0-0  resonance, 
as  shown  in  Fig.  2a.  It  is  the  remaining  contribution  to  the 
total  intensity,  namely  the  interference  term  ZEqqE^ geos ( 0^ • 
which  accounts  for  the  magnitude  of  the  observed  frequency  off¬ 
sets.  We  will  now  show  how  this  interference  term  can  pull  the 
0-0  resonance  frequency  and  how  the  observed  spatial  dependence 
of  the  pulling  comes  about. 


We  begin  by  noting  that  the  interference  term  depends  on 
cavity  length  because  the  amplitudes  and  phases  of  the  fields 
depend  on  length  as  shown  in  Fig.  5.  For  e  ?mple,  the  size  of 
the  interference  term  in  the  case  Illustrated  in  Fig.  2a  is 
approximately  zero  when  the  cavity  Is  at  the  0-0  resonance  since 
(^00”^10^  *  Thls  comes  ab°ut  because  0QO  *  0  at  the  0-0 
resonance  and  the  1-0  mode  Is  far  enough  from  Its  resonance  so 
that  ♦•jQ  *  -90°.  As  the  cavity  is  tuned  away  from  the  0-0  reso¬ 
nance,  the  magnitude  of  the  interference  term  changes  sharply 
because  <J>qq  changes  sharply  (as  shown  in  Fig.  5b)  while  <f>10  re¬ 
mains  at  -90°.  Therefore,  the  Interference  term  is  negative  on  one  side 
of  the  0-0  resonance  and  positive  on  the  other  side,  thus  causing  an 
asymmetry  in  the  transmitted  intensity  as  a  function  of  cavity  length 
which  leads  to  the  pulling  of  the  resonance  frequency  of  the  cavity. 

(The  dispersion-like  behavior  of  the  interference  term  as  a  function 

(91 

of  cavity  length  has  been  exploited  recently  by  Wieman  &  Gilbert'  '  as 
an  error  signal  for  laser  frequency  stabilization.) 

The  magnitude  of  this  interference  term  also  depends  on  the 
position  of  the  observation  point  P  because,  for  any  given 
cavity  length,  the  product  of  the  electric  field  amplitudes 
Eq0  and  E1(J  varies  with  position  as  shown  in  Fig.  6c.  There¬ 
fore,  the  frequency  pulling  due  to  the  interference  term  will 
vary  with  detector  position  as  determined  by  the  function  in 
Fig.  6c.  Indeed,  this  predicted  spatial  variation  is  consistent 
with  the  data  presented  in  Fig.  2b. 

We  have  calculated  the  magnitude  of  the  frequency  pulling 
due  to  the  interference  term  for  the  situation  represented  by 
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Fig.  2.  For  example,  at  the  center  of  the  beam,  the  calculated 
peak  frequency  offset  is  -107  kHz,  as  compared  with  the  measured 
value  of  -120  kHz.  This  general  agreement  between  the  measured 
and  calculated  frequency  offsets  confirms  the  hypothesis  that 
the  spatial  variations  in  resonant  frequency  are  due  to  the 
interference  term. 

In  order  to  explain  why  placing  an  aperture  in  the  cavity 
did  not  reduce  the  spatial  variations  in  resonance  frequency, 
we  have  also  calculated  the  effect  of  an  aperture  in  the  cavity. 
In  this  case,  we  assume  a  fraction  (1-A)  of  the  intensity  in  a 
given  mode  is  lost  in  each  pass  through  the  aperture;  this  re¬ 
duces  the  peak  transmitted  electric  field  amplitude  of  the 
V2 

mode  from  E  to  [(A)  (1-R)/(1-RA)]E_  and  the  minimum  off  reso- 

lll  1 1 2  m 

nance  amplitude  to[(A)  (1-R)/(l+RA)]Em.  It  can  be  seen  from 
these  expressions  that  the  on  resonance  electric  field  ampli¬ 
tude  is  much  more  sensitive  to  the  presence  of  the  aperture 
than  the  off  resonance  amplitude.  Thus,  the  aperture  can  great¬ 
ly  attenuate  a  mode  near  resonance  but  has  little  effect  on  the 
transmission  for  a  mode  excited  far  from  resonance. 

In  our  experiments,  the  1-0  mode  was  far  from  the  0-0 
resonance,  so  we  might  expect  that  the  aperture  would  have  very 
little  effect  on  the  contribution  of  the  1-0  mode,  and  therefore 
the  magnitude  of  the  frequency  offsets  would  remain  the  same. 

As  a  matter  of  fact,  the  measured  peak  offset  (Fig.  3c)  actually 
increased  when  an  aperture  was  placed  in  the  cavity.  This  may 


be  explained  by  the  fact  that  the  presence  of  the  a-perture,  al¬ 
though  it  did  not  change  the  contribution  of  the  1-0  mode,  it 
did,  however,  reduce  the  transmission  of  the  0-0  mode.  Because 
of  this,  the  attenuation  of  the  interference  term, 

2EqqE,q  cos  ($oo" *10^’  is  not  as  1arge  as  that  of  lE00^  *  and 
therefore  the  pulling  effect  due  to  the  interference  term  is 

increased  over  the  case  without  the  aperture.  For  example,  our 
calculations  with  the  aperture  included,  predict  a  peak  offset 
of  -134  kHz  which  is  greater  than  the  predicted  peak  offset 
(-107  kHz)  without  the  aperture.  These  calculations  compare 
well  with  measured  values  of  -132  kHz  and  -120  kHz,  respectively. 

In  order  to  further  test  our  hypothesis  that  the  spatial 
variations  in  the  resonance  frequency  are  due  to  higher  order 
modes,  we  conducted  experiments  in  which  we  varied  the  magnitude 
of  the  coupling  of  the  incident  field  into  the  higher  order 
modes.  We  accomplished  this  by  changing  the  cavity  length  while 
keeping  the  input  field  the  same.  This  changed  the  '-ivity 
mode  dimension,  and  therefore  the  coupling  of  the  input  beam 
into  the  various  transverse  cavity  modes^.  (It  should  be 
pointed  out  that  changing  the  length  of  the  cavity  also  changes 
the  resonance  frequencies  of  the  modes.) 

Measurements  of  the  dependence  of  resonance  frequency  on 
detector  position  were  performed  at  various  cavity  lengths  and 
are  summarized,  along  with  corresponding  calculations,  in  Table 
1.  The  cavity  lengths  at  which  data  was  taken  are  indicated  in 


column  1,  and  the  ratio  of  light  coupled  into  the  1-0  and  0-0 
inodes,  I-|q/Iqo»  1s  given  in  column  2.  For  each  cavity  length, 
the  1-0  mode  had  more  light  coupled  into  it  than  any  other 
higher  order  mode.  As  can  be  seen  from  the  table,  the  least 
amount  of  light  was  coupled  into  the  higher  order  modes  at  a 
cavity  length  of  4.75  cm,  which  corresponds  to  the  mode-matched 
condition.  The  third  colunn  shows  the  ratio  of  the  separation 
between  the  0-0  and  1-0  resonances  to  the  free  spectral  range. 
This  column  demonstrates  that  the  separation  of  the  modes  in¬ 
creased  as  the  cavity  length  was  shortened.  Columns  4  and  5, 
respectively,  give  the  measured  and  calculated  peak  frequency 
offset  without  an  aperture  in  the  cavity,  while  columns  6  and  7 
show  the  corresponding  values  of  these  offsets  with  an  aperture 
in  the  cavity. 

As  can  be  seen  from  the  table,  the  magnitude  of  the  peak 
frequency  offset  is  smallest  at  cavity  lengths  with  the  least 
amount  of  light  coupled  into  higher  order  modes  (i.e.,  near 
mode-matched  condition).  It  should  also  be  noted  that  the  sign 
of  the  peak  frequency  offset  changes  as  the  cavity  length  is 
varied  past  the  mode-matched  length.  While  there  is  some  dis¬ 
crepancy  between  the  measured  and  calculated  offsets,  the  cal¬ 
culations,  however,  do  predict  the  general  magnitude  of  the 
frequency  offsets  as  well  as  the  behavior  with  cavity  length. 
3etter  agreement  could  probably  be  obtained  by  taking  into  ac¬ 
count  the  pulling  effect  from  other  smaller  higher  order  modes 
which  were  observed  but  neglected  in  our  calculations. 


16 


In  summary,  we  have  shown  that  the  presence  of  higher  order 
modes  In  a  cavity  can  cause  a  dependence  of  the  measured  resonance 
frequency  on  detector  size  and  position.  In  principle,  this  effect 
can  be  eliminated  by  taking  advantage  of  the  spatial  orthogonal  ity 
of  the  modes  by  using  a  detector  surface  and  optical  components 
much  larger  than  the  beam  size.  In  practice,  the  complete  elimina¬ 
tion  of  this  effect  cannot  be  accomplished  because  detector  surfaces 
are  not  sufficiently  homogeneous.  Clearly,  there  are  several  options 
for  further  reduction  of  the  effect.  One  is  to  eliminate  higher 
order  modes  by  matching  the  input  beam  as  well  as  possible  into 
the  fundamental  cavity  mode,  or  to  minimize  the  effect  of  the  higher 
order  modes  by  adjusting  the  cavity  parameters  in  order  to  increase 
the  separation  of  the  0-0  and  higher  order  modes.  Another  option 
is  to  "homogenize"  the  output  beam,  for  example,  by  passing  the 
beam  through,  or  scattering  it  from,  a  diffusing  material,  or 
by  coupling  the  entire  beam  into  a  single  mode  fiber  or  a  white 
cell.  Alternatively,  it  may  be  possible  to  spin  the  detector 
about  its  axis  to  obtain  the  needed  averaging. 

This  work  was  suoported  in  part  by  the  ll.S.  Air  Force 
Geophysics  Laboratory  and  by  the  National  Science  Foundation 
(PHY  810  9581). 
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Figure  Captions 


Figure  1 : 
Figure  2: 


Figure  3: 


Figure  4: 

Figure  5: 


Figure  6: 


Schematic  diagram  of  experimental  setup. 
Transmitted  intensity  as  a  function  of  cavity 
length.  The  large  and  small  peaks  correspond 
to  the  0-0  and  1-0  modes  respectively. 

(a)  without  an  aperture  in  the  cavity. 

(b)  with  an  aperture  in  the  cavity. 

(a)  Transmitted  intensity  as  a  function  of  de¬ 
tector  position. 

(b)  Output  of  PSD#2  corresponding  to  (a)  with 
no  aperture  in  the  cavity. 

(c)  Output  of  PS0#2  as  a  function  of  detector 
position  with  an  aperture  in  the  cavity. 

Output  of  PSD#2  as  a  function  of  detector  position 
with  detector  surface  larger  than  beam. 

(a)  Electric  field  amplitude  as  a  function  of 
cavity  length. 

(b)  Electric  field  phase  as  a  function  of  cavity 
length. 

Electric  field  amplitude  as  a  function  of  trans¬ 
verse  spatial  position 

(a)  for  0-0  mode. 

(b)  for  1-0  mode. 

(c)  for  interference  term. 
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